SOLUTION OF THE BASIC PROBLEM
OF EXTERIOR BALLISTICS

(RESHENIE OSNOVNOI ZADACHI VNESHNEI BALLISTIKI)
PMM Vol.22, No.3, 1958, pp.350-358

L. M., VOROB’EV
{(Moscow)

(Received 12 January 1957}

An approximate method of analytic solution of certain nonlinear prob-
lems is presented. The applicability of the method is demonstrated
with the example of the solution of the problem concerning the motion
of a heavy particle of variable mass, projected at an angle to the
horizon, Another example contains the analytic solution of the basic
problem of exterior ballistics of a projectile in the most general
formulation,

1. Approximate method of integration of certain nonlinear
differential equations. Let a system of ordinary nonlinear diffe-
rential equations be given in the form
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The solution of the system has to satisfy the initial conditions
T = Ty, Y=Yy Y= Y (i=1...,1n) 1.2y

in a certain closed region D of variables x, y;, where f; are continuous,
together with their second derivatives.
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If the quadratures of both sides of the last n — 1 equations are
taken, and the found values Ynr Ynetr Ynezs coer Yoo which satisfy the
conditions (1.2), are substituted into each preceding equation of the
system (1.1), then we find (from the first equation of this system which
we shall call the fundamental one) for y, a functional relationship of
the form

e — Flyl =0 (1.3)

where Fly,] designates a known function of the integral operators of y,.
We shall sﬁxow how the solution of equation (1.3) may be found by using a
certain modification of Chaplygin algorithm for an ordinary differential
equation [ 1,2 ].

Let ¢ [y,] be the left-hand side of equation (1.3). Assume that the
functions y_ and y,, are found in the region D, such that

Yo- (Zo) = Yy (Zo) = Y10, Dy, - 1<0-< Dy, (z>2) (1.4)
We introduce Ay_ and Ay, through the equations
Y=y, — Ay, Y1 = Y — BY, (1.9)
Then, from (1.3), we obtain the equations

- (dAxy-) + Fy ] —Fly, 1 — @y, 1 =0 (1.6)

d(SzQ + Flyl— F Yyl — @yl =0

Let us consider the difference Fl y, 1~ Fly, 1. A finite increment
of the functional operator may be represented in the form of a series of
its variation with suitable factors. For example, limiting ourselves to
just two terms of the series, we may write

Fyl—Fly, ] =8Fy, y, + 5 ®Fyoy, (1.7)
Here
d Ay
SFy, Yoo = — 5oF [y + e Wyr — Yp-)] L-om
. a ' Ay, 2
gy = g Flup + 20— 1| (5025)

In addition to this, the differential F[y1] - F[y0+] may be also re-
presented in the form

Flygr] — F [Yp-)

Flyl—Fly,) =— Yo — Vo

Ay, —B (1.8)
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Let the functions y,, and y, , which we shall call the supporting ones,
be already so close to each other, that for any y, in the interval
[y0+, yo_] and arbitrary x > x,, the inequalities are fulfilled

< 8Fygy,. = a >{0, B>0 (1.9)

Substituting the increments (1.7) and (1.8) into (1.6), we rewrite
them in the form

4 (Au. 4 (Ays)
Gu) )y 0y 1= —a L88_p Ay 0y =pt.10)
where
., 1 _ Flypl = F [v]
Po=ge Pl +eWe— ¥ = 7T vp—w-

If in the expression (1.9) the sign of the inequalities is opposite,
the p, and p_ in (1.10) have to be interchanged.

Let us find the integrals of the linear differential equations:

4 (A%,-)

d (Ay,+
= — P-AY— DIy, 1 =0, %—) ~ P, Ay — Dy, 1 =0 (1.11)

which vanish for x = L

They will be:
Ay, = exp <g P dx> & Dy, Jexp (— S D. dx) dx
Ayo,L=0xp<J\f p+d:c>§ (D[y0+]exp(—§ p+dx>dz (1.12)

Substitution of zero in place of Ay_ and Ay,, into the left-hand
sides of equations (1.11) yields a result which corresponds to inequali-
ties (1.4), wherefrom, according to Chaplygin's theorem [1], it follows

Ay, <0 < Ay, (1.13)

Replacement of Ay, and Ay,  in the left-hand sides of equations
(1.11) by Ay_and Ay, using (1.10) gives the result — a < 0 and 8> 0,
respectively, wherefrom, on the basis of this same theorem, follow the
inequalities

Ay.<By,, By, >4y, (1.14)

If the new approximations are designated by

Y- = Yo — AYys Ypr = Yor — DY s (1.15)
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then, from (1.5), (1.13) and (1.14), the inequalities follow
Yoo NY SYLS Y S Y

The indicated method of iteration permits the finding of the solution
of equation (1.3). The values of y,, ..., y, are then determined by
quadratures.

Fixing attention on the solution in first approximation, it is con-
venient, in practical application of the method, to choose one of the
supporting functions in the form of the integral of the fundamental diffe-
rential equation of the system (1.1}, in which the right-hand side is
altered only slightly:

% = /1" (%, Yo*)

but such that its solution is determined analytically. In choosing this
first supporting function, the main factors of the concrete problem
should be taken into account.

As a second supporting function it is possible to take the Yo+ - func-
tion, which is determined by the method of successive approximations from:

X

b= vo+ | Flys'lds (1.16)
Then, instead of p,, we find p:
Flye*] = # {ype] -
- Lkl 1.1
p yny'K - yo* ( ! )
and the first approximation to the solution of equation (1.3) will be in
the form:

¥ o P \ ,
Y =Y — OX})Q 4 d?:)& O [yo*] exp (—— Xp dx} dx (1.18)
X Xy Xg
where
* d?j,)‘ P SR
Pyl =~ — Fly,') (1.19)

The examples given below (Sections 2 and 3) show that the first
approximations yield already a high degree of accuracy.

2. Generalization of the problem of K.E. Tsiolkovskii for
the case of curvilinear motion. Let a heavy material particle,
whose mass changes in accordance,with some law M = th(t), be projected at
an angle 6, to the horizon with velocity v,.

We shall assume that the gravity field is homogeneous and that the
earth is plane and at rest, together with the atmosphere. During motion
the particle is subjected to the force of gravity G, to the drag Q and
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to a force R, which is determined by the separation and association of

mass particles. let the direction of force R coincide with the direction
of the tangent to the trajectory; its magnitude may depend on the eleva-
tion y, the speed of flight v, and the time of motion t of the particle.

fhos G = Mg/ (1), Q =@y, v), R=R(t, y,v)

are known functions. For brevity we write

G R .
w =& _JIQT =q(¢ y, ) =T (¢, y, v) (2.1)
The equations of motion [3 ] of the particle are of the form
Mv = R—Gsinb—Q, Mvb = —Gcosb (2.2)
z =wvcosh, y=vsinb (2.3)

Substituting the variable 6 by a new variable ¢ by means of the
relation

¢ =Intg (%— + %) (2.4)

and using the notations (2.1), the system of equations (2.2) and (2.3)
is reduced to the form
v=r(t,y v)—gthe—q(t, y,v)
b — B o= /= .
= - T = y=vthe (2.9)
The integration of equations (2.5) will be carried out using the method
described in the preceding section., From the last three equations we find
t t 1
d
°P=<Po——g&~7;t~, Z=xo+8—cg¢dt, y=y0+8vthq:dt (2.6}
& i o
1f y from (2.6) is substituted into the first equation (2.5) and then
the value of ¢ = ¢ [v], also found from (2.6), is substituted as well,
then we find for v a functional equation of the type (1.3):
d .
S —Fll=0,  Fll=r[p—gther|—q[ (2.7)
Let us study the cdse when Q = 0 and R = —vM,f, that is the atmo-
sphere is absent; V is the relative velocity of rejected particles [3].
Then the system of equations of motion (2.5) and expression (2.7) takes
the form:

z}z-—V~z~——gthcp, = — L pr—

7 — o Y=vthe(28)

Flv] = -—«V»}{ﬁ—gth(p[v}

Let us choose as supporting functions the integrals of the equations
. e
. * dt
v_=-—V;——gth<p0, U+=““V‘jy—gth@k— <<Pk-=%"*gg7,'_‘}

te
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where t) is the time at the end of the active part.

Thus, the selected supporting functions v_ and v, correspond to the

motion of the particle along straight lines, inclined with respect to the
horizon at an angle 6, (initial angle of inclination of the velocity vect
and angle 6, (angle which is smaller than the angle of inclination of the
velocity vector at the end of the active part), respectively. They are
determined by the well-known formulas of Tsiolkovskii [3 ], Then

Qo ]l=—g{the,—the[v ]} <0
®v,] =g{th[v,] —the,_}>0
that is, inequalities (1.4) are fulfilled.
Condition (1.9) is verified by the calculation of

B

(] tl

dzF
de?

The first approximations are determined by formulas (1.15) and (1.12).
Thus

p_ dt) dt

S

. fs

t
¥y = U_— exp ,Sp dt )S @ [v_]exp <__
t

t
vy = v+—exp(xp )S@[v ]exp( Sp,,dt)dt
te 1Y to
where
!
. 't vy — U
L R T O S T
—__ . thefu]—thelr |
P (th ¢y — th <Pk—) (t— tp)
The solution may be taken as one-half the sum of these approximations:
v, =% (v ), whereby the error will not be larger than one-half
their d1f¥erence =% (v, - v,_). Subsequently, ¢, x and y are deter-

mined by formulas (2 6).

Let us consider a concrete example. Let us assume that the mass of the
particle changes in accordance with the linear law f= 1 - 8¢, and the
constant parameters and the initial conditions are as follows:

B = 0.01 sec™?!, V= 2290 m sec”!,

tg=x;=y,=0, vy = 100 m sec=l, @8 = 75°

0
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The results of the calculations are given in Table 1 and are illus-
trated in Pig. 1.

2000

(m sec™!) ”r\//L
o

1200 % // V
)7/
//AU“

§00 g//
7
400
sec.
7 27 47 60
Fig. 1.
TABLE 1
4 e g .
sec |m sec~lm sec~L{m sec~t|m sec!|m sec~M m sec~! 3
0 100 100 100 100 100 0 0
5 170 192 171 171 174 0 0
10 246 290 250 250 250 0 0
15 332 398 341 341 341 0 0
20 423 541 438 438 438 0 0
30 832 764 666 666 666 0 0
40 891 1068 949 951 950 1 01
50 1214 1434 1301 1304 1303 2 0.2
60 1632 1896 1751 1759 1755 4 0.2
70 2207 2516 2361 2368 2365 4 0.2

As may be seen from Table 1, the one-half difference of first appro-
ximations, the upper and the lower, does not exceed 0.2 per cent.

Since the first approximations from above and below are very close,
it is justified to limit one's attention in the solution of this problem
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to first approximation from one side only. Formulas (1.17) to (1.19)
will be:

t

dt

vo=vp,—VInj—gthe,(t—1tp), P =@— g\ 7
1y

i
dt
vpy=v,—Vinf—gthe, (1—1,), 9+z%-gg N (2.9)
te

o tho, —the. ¢
p {thg, — tho, ) (t—tp) ' Tk~

= Q.. (Iy)

t t t
Vg = U_ — g €Xp (Spdt)g(thcp..-——th Po) exp(-—-%pdt)dz

1, te Te

Formulas (2.9) were also verified by means of comparison with the
exact solution of equations (2.8), which can be obtained only for the
case of the indicated law of loss of mass [4 ]. The calculations show
that the difference between the exact and the approximate solutions in
this case does not exceed 1 per cent.

3. The fundamental problem of exterior ballistics of a
projectile. The known analytic solutions of this problem were based on
simplifications of either the character of the law of resistance, the
hypothesis on the structure of the atmosphere or the character of pro-
jectile motion [5]. The solution of the problem under general conditions
in the paper by Popov [6 ] is found in the form of series in powers of an
artificially introduced parameter. It was assumed thereby that the density
of the atmosphere is approximated by an exponential or a rational function
of the elevation. V.S. Pugachev suggested a solution, obtained by the
method of Poincare, in the form of a series of powers of the ballistic
coefficient.

We shall show how the analytic solution of the problem regarding the
motion of the mass center of the projectile may be found in a general
formulation®, using the procedure expounded above.

If the vector equation of the motion of the mass center of the pro-
jectile (with zero angle of attack) is projected on the horizontal di-
rection and on the direction normal to the trajectory, then we obtain

T = — g cos f, v = — gcos 3.1

where q = g{y,v) is the acceleration due to the force of air resistance.

* As is usual we shall assume that the earth is plane and at rest together
with the atmosphere, and that the gravitational field is homogeneous.
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Using two kinematic relations
& =1vcosH, g}: vsinb (3.2)
we replace the variables x and € by new variables v and ¢ by means of the
relations

w=glnz, ¢=hn%%+%g (3.3)

and go over in equations (3.1) and (3.2) to the argument ¢. Then we ob-
tain the equations of motion in the form

dw fw dt v
=2 =g, v_exp{\——g>chq>, r iy
de _ ot ay __ "
4o = " Fere’ i = z the (3.4)

For q = kv? the first two relations in (3.4) give the equation

dw 3
'd_qf_'k xp( )ch (3.9)
with separable variables. The integration [ 7] of this equation leads to
the formula which determined the velocity of the particle:

1
_ ch? @ k1 2
V= chcp{ 0 4. = . (2 sh2cpo+<po——-sh2<p q)} (3.6)
The duration of motion and the coordinates of the particle x and y
are determined from the last three equations of (3.4): (3.7

g

L4
1 ’1 . 2 1
t:—'to—-?gvdq} x=3;9—~~é-3 C;])Cp d@, yzyg——?gyzthﬂpdq’
Pe Pe Po

The solution (3.6) and (3.7), with the aid of a suitable coefficient
k, for example:

k=cH (ycp)-4.74-10’4 - (3.8)
where :
2 p2th?
Yop = ?&‘i—_g% s o, op == -%- (min ¢, + maxec, ) 3.9

yields a supporting function for the solution of the problem concerning
projectile motion in non-homogeneous atmosphere.

In the general case the acceleration of the forces of the air-drag is
expressed as:

Q(yr v) = CH'r (7/) G ()\1}) (3'10)

Then from the last equation (3.7) and the first two of (3.4), follows
the functional equation of the type (1.3):

— F [w] =
where 341
Flw]=cH.[v]vG[v], v=exp <~1§-) cheo, H:.[p]l=H.(y), Gv] =GC(0)
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let us find the analytical solution of the fundamental problem of
exterior ballistics in the form of approximation (1.18), selecting as the
supporting function
*

w*=gln
£ cho

where v* is determined by formulas (3.6) and (3.8),
Then the formulas (1.17) to (1.19) are of the form:

-1
2

" —-—chtp{Ch P +?(%sh2%+%—%sh2q:-tp)}

*

y =

VQW

S 2"t thodp (3.12)
¢ =cH.(TCRE) ), p=L a0

v = v*exp {* exp (S pa’q:)& (g" — A0 exp <-—§ pdq:)d@}

Pe Py

The value of p is determined as follows. Since

Flotl—Flw, _ cHE") F " ) — H{y,) F(va, 24)}
w*— w, g{lno* —inw,)

then

p=1lim £ H () EEE = flm ) _ 2 gy () 0L <

-—’v' in ¥ — lll vy dln v*
#*) % * »
=MD ol () F (07, o) = i&%&cﬁz(y‘) G () V")

where n{v, a) is the characteristic of air resistance:

dinF(v, a)
dlnv
and represents a well-known ballistic function.

n(v, a) =

Let us consider a concrete example. Let
- -1 — Q . - -
vy = 562 m sec”", 90 = 40, ¢ = 0,366, ty= x5 =y,=0

The trajectory of the projectile caleculated by the suggested method
(3.12) and (3.7) is shown in Fig. 2 (Table 2), where for purposes of
comparison circles indicate the results obtained by the method of
numerical integration,
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¢ km
<
, e N
7 2 4 ) g /) /4 Z km
Fig. 2
TABLE 2
Analytical Solution
om xm Vm om xm Vm g xm vm
0.763 0 0 0.463 3970 2744 —0.187 8320 3425
0,713 1050 856 0.413 4380 2920 —0.387 9480 3110
0.663 1850 1456 0.313 5130 3190 —0.587 10600 2520
0.613 2500 1890 0.263 5490 3310 —0.787 11790 1655
0 563 3050 2240 0.213 5830 3400 —0.987 12950 468
0.513 3530 2515 0.013 7130 3550 —1.187 14080 —1010
Numerical Solution
*m Vm *m Um *m Ym <m Ym
0 0 3500 2479 7000 3525 10500 2585
500 412 4000 2733 7500 3523 11000 2261
1000 809 4500 2955 8000 3479 11500 1883
1500 1189 5000 3143 8500 3392 12000 1450
2000 1548 5500 3295 9000 3260 12500 959
2500 1884 6000 3410 9500 3083 13000 405
3000 2195 6500 3487 10000 2859

The calculations indicate that the difference in the determination of
the elements of the trajectory is less than 1%. Thus, the analytical
solution of the problem gives a result which practically coincides with
the one obtained by the method of numerical integration of the equations
of exterior ballistics of a projectile.
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